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Abstract
The class of γ ∗n -complete hypergroups is introduced. Several properties and examples are found.
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1. Introduction
Hyperstructure theory was born in 1934 when Marty [7] defined hypergroups as a
generalization of groups. This theory has been studied in the following decades and nowadays
by many mathematicians. A short review of the theory of hypergroups appears in [2]. A recent
book [1] contains a wealth of applications. There are applications to the following subjects:
geometry, hypergraphs, binary relations, combinatorics, codes, cryptography, probability and etc.
The relation β (resp. β∗) was introduced on hypergroups by Koskas [6] and was studied mainly
by Corsini [2] and Vougiouklis [9]. Freni in [5] proved that in hypergroups the relation β is
transitive. Using the relation β, Migliorato in [8] defined the notion of n-complete hypergroups.
Also, De Salvo and Lo Faro in [3] introduced the class of n∗-complete hypergroups. Recently,
Freni in [4] introduced the relation γ as a generalization of the relation β and proved that in
hypergroups, the relation γ is transitive. Now, in Section 3 of this paper, using the relation γ ,
we introduce the class of γ ∗n -complete hypergroups: A hypergroup H is said to be γ ∗n -complete
if ∃n ∈ N and n is smallest integer such that (γ ∗n )H = γH and (γ ∗n )H 6= (γ ∗n−1)H . In Section
4, we study the γ ∗2 -complete hypergroups by making evident that almost all the best known
classes of hypergroups; 1-hypergroups, canonical hypergroups and join spaces are γ ∗2 -complete
hypergroups.
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2. Notations and preliminaries
A semi-hypergroup (H, ◦) is a non-empty set H equipped with a hyperoperation ◦, that is a
map ◦ : H × H −→ P∗(H), where P∗(H) denotes the family of all non-empty subsets of H ,
and for all (x, y, z) ∈ H3 : x ◦ (y ◦ z) = (x ◦ y) ◦ z. A semi-hypergroup H is said to be a
hypergroup if ∀a ∈ H : a ◦ H = H ◦ a = H . In the above definitions, if A, B ∈ P∗(H) then
we mean A ◦ B by
A ◦ B =
⋃
a∈A,b∈B
a ◦ b.
Let (H, ◦ ) be a hypergroup and R ⊆ H ×H an equivalence. If {A, B} ⊆ P∗(H) then we set:
A R B ⇐⇒ a R b, ∀a ∈ A,∀b ∈ B.
If (H, ◦) is a semi-hypergroup, the relation R is said to be strongly regular to the right (resp. to
the left), if
x R y H⇒ x ◦ a R y ◦ a
(resp. x R y H⇒ a ◦ x R a ◦ y),
for all (x, y, a) ∈ H3. Moreover, R is called strongly regular if it is strongly regular to the right
and to the left.
For every n ∈ N, we shall write (β∗n )H to denote the transitive closure of the relation
(βn)H define as follows: ∀(x, y) ∈ H2, x (βn)H y ⇐⇒ ∃(z1, z2, . . . , zn) ∈ Hn such that
{x, y} ⊆ ∏ni=1 zi . Moreover, one puts (β1)H = {(x, x) | x ∈ H} and (β)H = ⋃n∈N(βn)H .
It is known that in every hypergroup βH = β∗H [4]. When it is understood which hypergroup is
being considered β, βn and β∗n will be written in place of (β)H , (βn)H and (β∗n )H . In general, if
R is a relation of equivalence on a set A, then ∀S ∈ P∗(A), we shall put R(S) =⋃x∈S R(x).
Given a hypergroup H , then quotient H/R of H modulo a regular equivalence R becomes a
hypergroup under the following hyperoperation:
∀(x¯, y¯) ∈ (H/R)2, x¯ ⊗ y¯ = {z¯ | z ∈ x ◦ y}.
If R is a strongly regular equivalence on H , then H/R is a group (cf. Theorem 31 [2]).
We recall that β is the smallest strongly regular equivalence on H (cf. Theorem 12 [2]). Let
ϕ : H −→ H/β be the canonical projection; the heart of H is the set wH = ϕ−1(1H/β). One of
the most important notions in hypergroup theory is the heart of a hypergroup. The knowledge of
this concept gives information on the structure of the hypergroup H and in some cases determines
it completely.
A hypergroup H is said to be an n-complete hypergroup [8], if ∀(z1, z2, . . . , zn) ∈
Hn,
∏n
i=1 zi = β(
∏n
i=1 zi ). If H is n-complete then β = βn . A hypergroup H is said to be
an n∗-complete hypergroup [3] if there exists n ∈ N such that β∗n = β and β∗n 6= β∗n−1.
We recall the following definition from [4]. If H is a semi-hypergroup, then we set: γ1 =
{(x, x) | x ∈ H}, and for every integer n > 1,
xγn y ⇐⇒ ∃(z1, z2, . . . , zn) ∈ Hn, ∃σ ∈ Sn : x ∈
n∏
i=1
zi and y ∈
n∏
i=1
zσ(i).
Obviously, for every n ≥ 1, the relations γn are symmetric and the relation γ = ⋃n≥1 γn
is reflexive and symmetric. Let γ ∗ be the transitive closure of γ . The relation γ ∗ is a strongly
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regular equivalence (cf. Theorem 1.1 [4]), and if H is a hypergroup then γ = γ ∗ (cf. Theorem 3.3
[2]), and H/γ ∗ is an abelian group (cf. Corollary 1.2 [2]).
A hypergroup H is said to be γn-complete if ∀(z1, z2, . . . , zn) ∈ Hn,∀σ ∈ Sn :
γ (
∏n
i=1 zσ(i)) =
∏n
i=1 zi .
An element e ∈ H is called an identity if a ∈ e ◦ a ∩ a ◦ e for all a ∈ H . An element x ′
is called an inverse of x if an identity e exists such that e ∈ x ◦ x ′ ∩ x ′ ◦ x . An element u of a
hypergroup H is called a scalar if u ◦ x = x ◦ u = singleton for all x ∈ H .
A hypergroup H is regular if it has at least one identity and every element has at least one
inverse. If H is regular, for every a ∈ H , we denote by i(x) the set of the inverses of x . A regular
hypergroup is said to be reversible, if it satisfies the following conditions:
∀(a, b, x) ∈ H3 : a ∈ b ◦ x H⇒ ∃x ′ ∈ i(x) : b ∈ a ◦ x ′,
a ∈ x ◦ b H⇒ ∃x ′′ ∈ i(x) : b ∈ x ′′ ◦ a.
A commutative reversible hypergroup is called canonical if it has a scalar identity and every
element has a unique inverse (cf. Definition 165 [2]). A commutative reversible hypergroup is
called feebly canonical (cf. Definition 227 [2]) if
∀(a, x) ∈ H2, ∀{u, v} ⊆ i(x), u ◦ a = v ◦ a. (2.1)
In this paper, we product two permutations from the left.
3. γ ∗n -complete hypergroups
We begin with some properties which are valid in every hypergroup. They concern the relation
γn and will be proved only for n > 1. The case n = 1 is always trivially true. We suppose that
H = (H, ◦) is a hypergroup.
Proposition 3.1. For every n ∈ N∗, we have
(a) γn ⊆ γn+1;
(b) γ ∗n ⊆ γ ∗n+1.
Proof. (a): If x γn y then ∃(z1, z2, . . . , zn) ∈ Hn, ∃σ ∈ Sn : x ∈∏ni=1 zi , y ∈∏ni=1 zσ(i). Since
H is a hypergroup, so ∃(t1, t2) ∈ H2 such that zn ∈ t1 ◦ t2.
Now let z′i = zi for 1 ≤ i ≤ n− 1 and z′n = t1, z′n+1 = t2, so x ∈ z′1 ◦ z′2 . . . ◦ z′n ◦ z′n+1. Now,
let σ ′ = (n n + 1)σ , so σ ′ ∈ Sn+1 and y ∈∏ni=1 zσ ′(n). Therefore x γn+1 y.
(b): It follows from (a). 
Lemma 3.2. ∀(a, b, c) ∈ H3, a γn b H⇒ [(a ◦ x) γn+1 (b ◦ x) and (x ◦ a) γn+1 (x ◦ b)].
Proof. If a γn b then ∃ (z1, z2, . . . , zn) ∈ Hn, ∃σ ∈ Sn : a ∈ ∏ni=1 zi , b ∈ ∏ni=1 zσ(i). But, we
have a◦x ⊆ (∏ni=1 zi )◦x and b◦x ⊆ (∏ni=1 zσ(i))◦x . Now let ui := zi ,∀1 ≤ i ≤ n, un+1 := x
and σ ′ ∈ Sn+1 with σ ′(i) = σ(i), σ ′(n + 1) = n + 1. Then, we have
a ◦ x ⊆
n+1∏
i=1
ui and b ◦ x ⊆
n+1∏
i=1
uσ ′(i),
which implies (a ◦ x) γn+1 (b ◦ x). The rest can be proved in an analogous way. 
Lemma 3.3. ∀(a, b, c) ∈ H3, a γ ∗n b H⇒ [(a ◦ x) γ ∗n+1 (b ◦ x) and (x ◦ a) γ ∗n+1 (x ◦ b)].
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Proof. If a γ ∗n b then ∃ (z1, z2, . . . , zm) ∈ Hm such that a = z1 γn z2 . . . zm−1 γn zm = b. Now,
using Lemma 3.2, we have
a ◦ x = z1 ◦ x γn+1 z2 ◦ x, . . . , zm−1 ◦ x γn+1 zm ◦ x = b ◦ x .
It means that (a ◦ x) γ ∗n+1 (b ◦ x). The rest can be proved similarly. 
Let γ ∗0 = ∅, now we define the γ ∗n -complete hypergroups.
Definition 3.4. A hypergroup H is said to be γ ∗n -complete if ∃n ∈ N, and n is the smallest
integer such that (γ ∗n )H = γH and (γ ∗n )H 6= (γ ∗n−1)H .
Corollary 3.5. If H is a commutative hypergroup, then H is a γ ∗n -complete hypergroup if and
only if H is an n∗-complete hypergroup.
Proposition 3.6. A hypergroup H is γ ∗1 -complete if and only if H is an abelian group.
Proof. Suppose H is a γ ∗1 -complete hypergroup, so γ ∗1 = γ and γ2 ⊆ γ1. Now, ∀x ∈ z1 ◦ z2 and∀y ∈ z2 ◦ z1, we have x γ2 y, so x = y. Therefore z1 ◦ z2 = z2 ◦ z1 is singleton, and so H is a
commutative hypergroup. Hence the relation γ is equal to β, and so H is 1∗-complete. Now, by
Remark 3.6 of [3], H is an abelian group.
Conversely, if H is an abelian group then ∀(x, y) ∈ H2;∏ni=1 zσ(i) = ∏ni=1 zi and|∏ni=1 zi | = 1. By definition, x γn y if and only if x =∏ni=1 zi , y =∏ni=1 zσ(i), thus x = y and
x γ1 y. 
Corollary 3.7. H is a γ ∗n -complete hypergroup if and only if H/γ ∗n is an abelian group.
Proposition 3.8. Every finite hypergroup is γ ∗n -complete.
Proof. Since H is finite, the succession γ ∗1 ⊆ γ ∗2 ⊆ · · · is stationary. Thus ∃n ∈ N : γ ∗n = γ and
γ ∗n 6= γ ∗n−1. 
Proposition 3.9. If H is a γn-complete then ∃m ≤ n such that H is γ ∗m-complete.
Proof. One proves that if H is γn-complete then γn = γ , so γ ∗n = γ and there exists a m ≤ n
such that γ ∗m = γ and γ ∗m−1 6= γ ∗m . 
Let φ : H → H/γ ∗ be the canonical projection, then we have DH = φ−1(1H/γ ∗)
(cf. Theorem 3.1 of [4]).
Theorem 3.10. We have
(a) If ∀(v,w) ∈ D2H , v γn w then γ = γn+1;
(b) If ∀(v,w) ∈ D2H , v γ ∗n w then γ = γ ∗n+1.
Proof. (a): If x γ y, since DH ◦ H = H ◦ DH = H then ∃(v,w) ∈ D2H such that y ∈ x ◦ v and
y ∈ x ◦ w, by hypothesis v γn w. Now, using Lemma 3.2 (a ◦ x) γn+1 (b ◦ x), whence x γn+1 y,
so γ ⊆ γn+1.
(b): It follows from (a) and Lemma 3.3. 
Theorem 3.11. If ∀(v,w) ∈ D2H , v γ ∗n w and ∃(u′, w′) ∈ D2H such that u′ 6∈ γ ∗n−1w′ then H is
γ ∗n -complete or γ ∗n+1-complete.
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Corollary 3.12. Both of the two possibilities of Theorem 3.11 are verifiable, as the following
examples show:
H a b c d
a a b c d
b b a d c
c c d a, b a, b
d d c a, b a, b
H ′ a b c
a a b c
b b a, b c
c c c a, b
We remember that a KH hypergroup is a hypergroup constructed from a hypergroup H =
(H, ◦ ) and a family {A(x)}x∈H of non-empty subsets of H such that ∀(x, y) ∈ H2 : x 6= y H⇒
A(x) ∩ A(y) = ∅. Setting KH =⋃x∈H A(x) and defining the following hyperoperation ?:
∀(a, b) ∈ K 2H ; a ∈ A(x), b ∈ A(y), a ? b :=
⋃
z∈x◦y
A(z).
(H, ◦ ) is a hypergroup if and only if (KH , ? ) is a hypergroup (cf. Theorem 375 [2]).
In this case, KH is said to be a KH hypergroup generated by H . For all P ∈ P∗(H), let
K (P) :=⋃x∈P A(x).
Theorem 3.13. For every (x, y) ∈ H2 and (u, v) ∈ A(x) × A(y), the following conditions are
pairwise equivalent.
(a) u(γ ∗n )KH v;
(b) x(γ ∗n )H y;
(c) A(x) (γ ∗n )KH A(y).
Proof. (a) H⇒ (b): Let u(γ ∗n )KH v thus:
∃m ∈ N, ∃(x0, x1, . . . , xm) ∈ Km+1H : u = x0 (γn)KH x1, . . . , xm−1 (γn)KH xm = v.
For all 0 ≤ j < m − 1, there exist (z j1, z j2, . . . , z jn) ∈ K nH and σ j ∈ Sn such that x j ∈ ?
∏n
i=1 z
j
i
and x j+1 ∈ ?∏ni=1 z jσ j (i). Now, for every 1 ≤ i ≤ n, 0 ≤ j < m − 1, there exists
y ji : xi ∈ A(y ji ):
x j ∈
⋃
w∈◦
n∏
i=1
y ji
A(w) and x j+1 ∈
⋃
w′∈◦
n∏
i=1
y j
σ j (i)
A(w′).
Thus
∃w j ∈ ◦
n∏
i=1
y ji and ∃w j+1 ∈ ◦
n∏
i=1
y j
σ j (i)
: x j ∈ A(w j ), x j+1 ∈ A(w j+1)
such thatw0 (γn)H w1, . . . , wm−1 (γn)Hwm . Sow0 = x, wm = y. Therefore, we have x(γ ∗n )H y.
B. Davvaz, M. Karimian / European Journal of Combinatorics 28 (2007) 86–93 91
(b) H⇒ (c): Suppose x(γ ∗n )H y, thus:
∃m ∈ N, ∃(x0, x1, . . . , xm) ∈ Hm+1 : x = x0 (γn)H x1, . . . , xm−1 (γn)H xm = y.
For all 0 ≤ j < m − 1, there exist (z j1, z j2, . . . , z jn) ∈ Hn and σ j ∈ Sn such that x j ∈ ◦
∏n
i=1 z
j
i
and x j+1 ∈ ◦∏ni=1 z jσ j (i). For all y ji ∈ A(z ji ), we have:
?
n∏
i=1
y ji =
⋃
w∈◦
n∏
i=1
z ji
A(w) and ?
n∏
i=1
y j
σ j (i)
=
⋃
w′∈◦
n∏
i=1
z j
σ j (i)
A(w′).
For all 0 ≤ i < m, ∃w j ∈ H such that x j ∈ A(w j ), and so
A(w j ) ⊆ ?
n∏
i=1
y ji and A(w j+1) ⊆ ?
n∏
i=1
y jσ(i).
Now, we have
A(w0) (γn)KH A(w1), . . . , A(wm−1) (γn)KH A(wm).
From the above relations, we obtain x = w0, y = wm . Therefore A(x) (γ ∗n )KH A(y).
(c) H⇒ (a): It is clear. 
Theorem 3.14. For every (x, y) ∈ H2 and (u, v) ∈ A(x) × A(y), the following conditions are
pairwise equivalent:
(a) u(γn)KH v;
(b) x(γn)H y;
(c) A(x) (γn)KH A(y).
Proof. The proof is similar to the proof of Theorem 3.13, by considering the suitable
modification by using the definitions. 
Theorem 3.15. If H is a hypergroup and n ≥ 2 then:
(a) (γn)H = γH ⇐⇒ (γn)KH = γKH ;
(b) (γ ∗n )H = γ ∗H ⇐⇒ (γ ∗n )KH = γ ∗KH .
Proof. (a): Suppose (γn)H = γH , it is enough to show γKH ⊆ (γn)KH . If u γKH v then there
exists (x, y) ∈ H2 such that u ∈ A(x) and v ∈ A(y), so x γH y and x(γn)H y. Now, by using
Theorem 3.14, we have A(x)(γ ∗n )KH A(y), and so u (γn)KH v.
Conversely, if (γn)KH = γKH then it is enough to show γH ⊆ (γn)H . By using Theorem 3.14,
we have A(x)(γ ∗)KH A(y). Hence A(x)(γ ∗n )KH A(y), so we have x (γn)H y.
(b): The proof is similar to the proof of part (a). 
Corollary 3.16. For n ≥ 2, H is γ ∗n -complete if and only if KH is γ ∗n -complete.
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4. γ ∗2 -complete hypergroups
Now, we introduce some classes of γ ∗2 -complete hypergroups.
A hypergroup H is called a 1-hypergroup if wH is a singleton (cf. Definition 263 [2]). The
existence of 1-hypergroups which are not groups was proved by Corsini.
Theorem 4.1. If H is a 1-hypergroup then H is a γ ∗2 -complete hypergroup.
Proof. Suppose that wH = {e}, then for all a ∈ H we have a ◦ e = e ◦ a, and so the classes
modulo γ are {e, a}. It follows that γ = γ2 = γ ∗2 . 
A commutative hypergroup is called a join space (cf. Definition 156 [2]) if:
∀(a, b, c, d) ∈ H4, a/b ∩ c/d 6= ∅ H⇒ (a ◦ d) ∩ (b ◦ c) 6= ∅,
where ∀(x, y) ∈ H2, x/y = {z ∈ H | x ∈ y ◦ z}.
By Proposition 4.14 in [3] and Corollary 3.5 we immediately get:
Theorem 4.2. Every join space is γ ∗2 -complete.
Corollary 4.3. Canonical hypergroups are γ ∗2 -complete hypergroups.
Corollary 4.4. All feebly canonical hypergroups are γ ∗2 -complete hypergroups.
Example 4.5. There are two examples which prove that failing the reversibility or the condition
(2.1), one can obtain commutative regular hypergroups with scalar identity which are not γ ∗2 -
complete.
H a b c d
a a b c d
b b a d c
c c d b, c a, d
d d c a, d b, c
H ′ a b c d
a a b c d
b b a d c
c c d a, b a, b
d d c a, b a, b
Proposition 4.6. In every hypergroup (H, ◦ ) the following conditions are equivalent:
(a) H is a γ ∗2 -complete hypergroup;
(b) (H/γ ∗2 ,⊗ ) is an abelian group;
(c) (H/γ ∗2 ,⊗ ) is a commutative hypergroup.
Example 4.7. Let H be the following hypergroup:
H ′ a b c d
a a, b c, d a, b c, d
b c, d a, b c, d a, b
c a, b c, d a, b c, d
d c, d a, b c, d a, b
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By Proposition 4.3 of [3], H is γ ∗3 -complete hypergroup.
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